Dimension-six matrix elements for meson mixing and lifetimes from sum rules. by Kirk,  M. et al.
Durham Research Online
Deposited in DRO:
11 January 2018
Version of attached ﬁle:
Published Version
Peer-review status of attached ﬁle:
Peer-reviewed
Citation for published item:
Kirk, M. and Lenz, A. and Rauh, T. (2017) 'Dimension-six matrix elements for meson mixing and lifetimes
from sum rules.', Journal of high energy physics., 2017 (12). 068.
Further information on publisher's website:
https://doi.org/10.1007/JHEP12(2017)068
Publisher's copyright statement:
This article is distributed under the terms of the Creative Commons Attribution License (CC-BY 4.0), which permits
any use, distribution and reproduction in any medium, provided the original author(s) and source are credited.
Additional information:
Use policy
The full-text may be used and/or reproduced, and given to third parties in any format or medium, without prior permission or charge, for
personal research or study, educational, or not-for-proﬁt purposes provided that:
• a full bibliographic reference is made to the original source
• a link is made to the metadata record in DRO
• the full-text is not changed in any way
The full-text must not be sold in any format or medium without the formal permission of the copyright holders.
Please consult the full DRO policy for further details.
Durham University Library, Stockton Road, Durham DH1 3LY, United Kingdom
Tel : +44 (0)191 334 3042 | Fax : +44 (0)191 334 2971
http://dro.dur.ac.uk
J
H
E
P
1
2
(
2
0
1
7
)
0
6
8
Published for SISSA by Springer
Received: November 20, 2017
Accepted: December 5, 2017
Published: December 13, 2017
Dimension-six matrix elements for meson mixing and
lifetimes from sum rules
M. Kirk, A. Lenz and T. Rauh
IPPP, Department of Physics, University of Durham,
DH1 3LE, United Kingdom
E-mail: m.j.kirk@durham.ac.uk, alexander.lenz@durham.ac.uk,
thomas.j.rauh@durham.ac.uk
Abstract: The hadronic matrix elements of dimension-six F = 0; 2 operators are crucial
inputs for the theory predictions of mixing observables and lifetime ratios in the B and D
system. We determine them using HQET sum rules for three-point correlators. The results
of the required three-loop computation of the correlators and the one-loop computation of
the QCD-HQET matching are given in analytic form. For mixing matrix elements we nd
very good agreement with recent lattice results and comparable theoretical uncertainties.
For lifetime matrix elements we present the rst ever determination in the D meson sector
and the rst determination of B = 0 matrix elements with uncertainties under control
| superseeding preliminary lattice studies stemming from 2001 and earlier. With our state-
of-the-art determination of the bag parameters we predict: (B+)=(B0d) = 1:082
+0:022
 0:026,
(B0s )=(B
0
d) = 0:99940:0025, (D+)=(D0) = 2:7+0:7 0:8 and the mixing-observables in the
Bs and Bd system, in good agreement with the most recent experimental averages.
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1 Introduction
The mixing of neutral mesons proceeds through avour-changing neutral currents and
is therefore loop suppressed in the Standard Model. Thus, mixing observables are very
sensitive to new physics eects. Our ability to constrain new contributions strongly relies
on a high degree of precision in both experiment and theory. Mixing is most pronounced
in the Bs system where the relative decay rate dierence amounts to about 13%. Here the
experimental precision has surpassed the theoretical one by a signicant margin [1].
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The theory expression for mixing observables is a product of perturbative coecients
and non-perturbative matrix elements. The perturbative part is known up to NLO-QCD
(see the discussion below) and rst steps in the direction of a NNLO-QCD evaluation have
recently been performed by [2]. However, the dominant theoretical uncertainties still stem
from hadronic matrix elements of local B = 2 four-quark operators. They are usually
determined by lattice simulations and results for the leading dimension-six operators are
available from several collaborations [3{5]. If only the latest lattice results [5] are used,
small tensions at the level of two sigma emerge in Bs mixing [5, 6]. To either settle or solidify
this issue, an independent determination of the matrix elements and further scrutinization
of the theoretical methods are necessary. We address both these points in this paper.
An alternative way to determine hadronic matrix elements is given by QCD sum
rules [7, 8]. This approach employs quark-hadron duality and the analyticity of Green
functions instead of the discretization of space-time. Thus, its sources of uncertainties are
entirely dierent from lattice simulations and sum rule analyses can provide truly inde-
pendent results. We determine the hadronic matrix elements of the dimension-six B = 2
operators for B-mixing from a sum rule for three-point correlators rst introduced in [9].
The sum rule is valid at scales   1:5 GeV which are much smaller than the bottom-
quark mass. Therefore the sum rule is formulated in HQET, where quantum uctuations
with a characteristic scale of the order of the bottom-quark mass have been integrated out.
We then run the HQET matrix elements up to a scale m of the order of the bottom-quark
mass where the matching to QCD can be performed without introducing large logarithms.
Earlier sum rule results are available for the SM operator Q1 [10, 11] and condensate cor-
rections have been computed for dimension-six [11{15] and seven [12, 13] operators. The
same strategy is then applied to determine the matrix elements of dimension-six B = 0
operators, which are the non-perturbative input for calculating ratios of lifetimes of dif-
ferent mesons, like (B+)=(Bd) and (Bs)=(Bd), see e.g. [16] for a review. Here the
perturbative part of the prediction is also known to NLO-QCD.
The theory prediction for the Bs decay rate dierence  s and for ratios of lifetimes
of dierent B mesons is based on the Heavy Quark Expansion (HQE) [17{20]. The HQE
is an OPE in the Minkowski domain which has fuelled speculations about large violations
of duality, in particular for  s which is dominated by the b ! ccs transition.1 A recent
confrontation of HQE predictions with experiment has ruled out duality violations larger
than about 20% [6]. Ratios of meson lifetimes are a good testing ground for the validity of
the HQE, but have suered from large hadronic uncertainties [16] in the past because only
outdated lattice results [22, 23] for the required B = 0 matrix elements of four quark
operators were available. We present the rst state-of-the-art calculation of the B = 0
matrix elements and determine the lifetimes with signicantly reduced uncertainties.
In the charm sector the validity of the HQE is rather uncertain due to its smaller mass
mc  mb=3. The direct translation of the predictions for B mixing fails by several orders of
magnitude [24]. However it has been argued that higher-dimensional contributions can lift
1Interestingly we nd that the HQE prediction for the b ! ccs branching ratio [21] is in excellent
agreement with experiment.
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the severe GIM suppression in the charm sector and potentially explain the size of mixing
observables [24{28]. D-meson lifetimes have been studied recently [29] and have shown
no indications for a breakdown of the HQE, albeit with large hadronic uncertainties. We
translate our sum rule results to the charm sector as well. The C = 2 matrix elements
show good agreement with lattice results [30{32] and the C = 0 results are used to update
the D+  D0 lifetime ratio.
The outline of this work is as follows: in section 2 we describe the details of the
QCD-HQET matching computation focussing on B = 2 operators. The sum rule and
the calculation of the three-point correlators are discussed in section 3. Our results for
the matrix elements are presented in section 4 and compared to other recent works. In
section 5 we study B = 0 operators and ratios of B-meson lifetimes. We determine the
matrix elements of C = 0; 2 operators in section 6 and update the HQE result for the
D+  D0 lifetime ratio using these results. Finally, we conclude in section 7.
2 QCD-HQET matching for B = 2 operators
We perform the matching computation between QCD and HQET operators at the one-loop
level. The details of the computation are described in section 2.1 for the B = 2 operators.
Our results for the matching of the operators and Bag parameters are given in section 2.2
and section 2.3, respectively.
2.1 Setup
The matching calculation for the SM operator Q1 appearing in Ms has been performed
in [33{35]. We compute the matching coecients of the full dimension-six B = 2 operator
basis needed for Ms in BSM theories and for  s in the SM. We work in dimensional
regularization with d = 4  2 and an anticommuting 5 (NDR scheme). We consider the
following operators in QCD
Q1 = bi(1  5)qi bj(1  5)qj ;
Q2 = bi(1  5)qi bj(1  5)qj ; Q3 = bi(1  5)qj bj(1  5)qi;
Q4 = bi(1  5)qi bj(1 + 5)qj ; Q5 = bi(1  5)qj bj(1 + 5)qi: (2.1)
To x the renormalization scheme we also have to specify a basis of evanescent opera-
tors [36{38]. We do this following [39]. The explicit form of the evanescent operators can
be found in appendix A. On the HQET side, we have the operators
~Q1 = h
f(+)
i (1  5)qi h( )gj (1  5)qj ; ~Q2 = hf(+)i (1  5)qi h( )gj (1  5)qj ;
~Q4 = h
f(+)
i (1  5)qi h( )gj (1 + 5)qj ; ~Q5 = hf(+)i (1  5)qj h( )gj (1 + 5)qi; (2.2)
where the HQET eld h(+)(x) annihilates a bottom quark, h( )(x) creates an anti-bottom
and we have introduced the notation
hf(+) Aq h( )g Bq = h(+) Aq h( ) Bq + h( ) Aq h(+) Bq: (2.3)
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Figure 1. QCD (Di) and HQET (Ei) diagrams that enter the matching. Symmetric diagrams are
not shown.
Note that no operator ~Q3 appears on the HQET side because it is not linearly independent,
just like its QCD equivalent at leading order in 1=mb [40]. We dene the evanescent HQET
operators up to three constants ai with i = 1; 2; 3 which allow us to keep track of the
scheme dependence. Again the explicit basis of the evanescent operators can be found in
appendix A. The matching condition for the B = 2 operators is given by
hQii () =
X
CQi ~Qj () h ~Qji () +O

1
mb

; (2.4)
where hAi = h BjAjBi. The matching coecients can be expanded in perturbation theory
and take the form
CQi ~Qj () = C
(0)
Qi ~Qj
+
s()
4
C
(1)
Qi ~Qj
() + : : : : (2.5)
Thus the matching calculation can be performed with external quark states. The partonic
QCD matrix elements are
hQi = 
Nc
2666664ZOSb ZOSq ZQO
0BBBBB@ O
b¯α d¯δ
bγdβ O
b¯α d¯δ
bγdβ
+
1CCCCCA+O(s)
3777775 ;
(2.6)
where we sum over O, including all physical and evanescent operators, and the color singlet
initial and nal state have been projected out. The two tree-level contractions appear with
a relative minus sign. The gluon corrections are shown in gure 1 and do not contain
self-energy insertions on the external legs, since the quark elds are renormalized in the
on-shell scheme. The HQET matrix elements follow from the replacements Q! ~Q, O ! ~O,
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ZOSb ! ZOSh and using HQET propagators instead of the full QCD ones for the bottom
quark. The heavy quark on-shell renormalization constants are
ZOSb = 1 
sCF
4

3

+ 4 + 3 ln
2
m2b

+O(2s); ZOSh = 1: (2.7)
The light-quark renormalization is trivial in the massless case ZOSq = 1. For the renormal-
ization of the physical operators the MS scheme is used. In accordance with [36{38] the
evanescent operators are renormalized by a nite amount such that their physical matrix
elements vanish. Consequently the Wilson coecients CQi ~Ej are not required for the de-
termination of the hadronic matrix elements and are omitted in the results shown below.
However, in the matching computation itself the matrix elements are taken between exter-
nal on-shell quark states and are therefore not IR nite. While the IR divergences cancel in
the matching of the QCD to the HQET operators there are non-vanishing contributions to
the physical matching coecients CQ ~Q from matrix elements of the evanescent operators
that are multiplied by IR poles since the evanescent operators are dened dierently in
QCD and HQET, cf. appendix A.
We also nd that the NLO matching coecients C
(1)
Q3 ~Qj
of the operator Q3 are aected
by the nite renormalization of the evanescent operator ~E2 which contains contributions
proportional to the physical operators. This usually only happens at NNLO (as is the case
for the other operators) but is already present here at NLO because the tree-level matching
coecient C
(0)
Q3 ~E2
of this operator is non-vanishing and, therefore, the NLO matrix element
of the evanescent HQET operator ~E2 already appears at NLO in the matching calculation.
In the computation we have used both a manual approach and an automated setup
utilizing QGRAF [41] and Mathematica to generate the amplitudes. The Dirac algebra has
been performed with a customized version of TRACER [42] as well as with Package-X [43, 44]
and the QCD loop integrals have been evaluated using Package-X [43, 44]. We have also
checked our results by performing the calculation with a gluon mass as an IR regulator
and found full agreement.
2.2 Results
We write the LO QCD anomalous dimension matrix (ADM) as
(0) =
 

(0)
QQ 
(0)
QE

(0)
EQ 
(0)
EE
!
; (2.8)
where 
(0)
QQ is the ADM for the physical set of operators (2.1), 
(0)
QE describes the mixing
of the physical operators into the evanescent ones (A.1), 
(0)
EQ vanishes (see [38]) and 
(0)
EE
is not required. We decompose the LO HQET ADM ~(0) analogously. Our results for the
non-vanishing entries are given in appendix A.
The non-vanishing Wilson coecients at LO are
C
(0)
Q1 ~Q1
= 1; C
(0)
Q2 ~Q2
= 1; C
(0)
Q3 ~Q1
=  1
2
; C
(0)
Q3 ~Q2
=  1; C(0)
Q4 ~Q4
= 1; C
(0)
Q5 ~Q5
= 1: (2.9)
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The NLO corrections to the matching coecients read
C
(1)
Q ~Q
=
0BBBBB@
 413 + a212   6L  8 0 0
3
2   a112 + L 8 + 4L 0 0
5 + 2a1 a224 + 4L 4 + 4L 0 0
0 0 8  a324 + 9L2  4 + a38   3L2
0 0 4 + a38 +
3L
2  8  a324   9L2
1CCCCCA ; (2.10)
where L = ln(
2=m2b) and we have set Nc = 3 to keep the results compact.
2.3 Matching of QCD and HQET Bag parameters
We dene the QCD bag parameters BQ following [45]
hQ()i = AQ f2BM2B BQ(); (2.11)
where the coecients read
AQ1 = 2 +
2
Nc
;
AQ2 =
M2B
(mb +mq)2

 2 + 1
Nc

; AQ3 =
M2B
(mb +mq)2

1  2
Nc

;
AQ4 =
2M2B
(mb +mq)2
+
1
Nc
; AQ5 = 1 +
2M2B
Nc(mb +mq)2
;
(2.12)
the B meson decay constant fB is dened as
h0jb5qjB(p)i =  ifBp; (2.13)
MB is the mass of the B meson and BQi = 1 corresponds to the VSA approximation.
We note that the quark masses appearing in (2.12) are not MS masses which is the usual
convention today [5, 46], but pole masses. We prefer the denition (2.11) for the analysis
because the use of MS masses makes the LO ADM of the Bag parameters explicitly -
dependent and prohibits an analytic solution of the RGE. At the end we convert our
results to the convention of [5, 46] which we denote as
hQ()i = AQ() f2BM2B BQ(); (2.14)
where the AQ() follow from AQ with the replacements mb ! mb() and mq ! mq().
Similar to (2.11), we use for the HQET operators
h ~Q()i= A ~Q F 2()B ~Q(); (2.15)
where
A ~Q1 = 2 +
2
Nc
; A ~Q2 =  2 +
1
Nc
; A ~Q4 = 2 +
1
Nc
; A ~Q5 = 1 +
2
Nc
; (2.16)
and the matrix elements have been taken between non-relativistically normalized states
h ~Qi()i hBj ~Qi()jBi with
jB(p)i =
p
2MB jB(v)i+O (1=mb) ; (2.17)
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such that
hB(v0)jB(v)i = v
0
M3B
(2)3(3)(v0   v): (2.18)
The parameter F () is dened as
h0jh( )5qjB(v)i =  iF ()v; (2.19)
and related to the decay constant by
fB =
r
2
MB
C()F () +O (1=mb) ; (2.20)
with [47]
C() = 1  2CF s()
4
+O(2s): (2.21)
From (2.11) and (2.15), we obtain, using (2.4), (2.17) and (2.20),
BQi() =
X
j
A ~Qj
AQi
CQi ~Qj ()
C2()
B ~Qj () +O(1=mb): (2.22)
The HQET bag parameters B ~Q are determined from a sum rule analysis.
3 HQET sum rule
The HQET sum rule is introduced in section 3.1. We give results for the double-
discontinuity of the three-point correlators in section 3.2 and describe the determination
of HQET and QCD Bag parameters in section 3.3.
3.1 The sum rule
We dene the three-point correlator
K ~Q(!1; !2) =
Z
ddx1d
dx2e
ip1x1 ip2x2 h0jT
h
~j+(x2) ~Q(0)~j (x1)
i
j0i ; (3.1)
where !1;2 = p1;2  v and
~j+ = q
5h(+); ~j  = q5h( ); (3.2)
are interpolating currents for the pseudoscalar B and B mesons. The correlator (3.1) is
analytic in !1;2 apart from discontinuities for positive real !. This allows us to construct
a dispersion relation
K ~Q(!1; !2) =
1Z
0
d1d2
 ~Q(1; 2)
(1   !1)(2   !2) + [subtraction terms] ; (3.3)
where  ~Q is the double discontinuity of K ~Q in !1 and !2. The second term on the right
originates from the integration of K ~Q along the circle at innity in the complex 1 or
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(and) 2 planes and is therefore polynomial in !1 or (and) !2. The correlator K ~Q can be
computed by means of an OPE
KOPE~Q (!1; !2) = K
pert
~Q
(!1; !2) +K
hqqi
~Q
(!1; !2) hqqi+KhsG
2i
~Q
(!1; !2) hsG2i+ : : : (3.4)
for values of !1;2 that lie far away from the physical cut. Assuming quark-hadron duality,
we can equate the correlator KOPE~Q with its hadronic counterpart
Khad~Q (!1; !2) =
1Z
0
d1d2
had~Q (1; 2)
(1   !1)(2   !2) + [subtraction terms] ; (3.5)
which is obtained from integration over the hadronic spectral function
had~Q (!1; !2) = F
2()h ~Q()i(!1   )(!2   ) + cont~Q (!1; !2): (3.6)
We use a double Borel transformation with respect to !1;2 to remove the contribution from
the integration over the circle at innity and to suppress the sensitivity to the continuum
part cont~Q of the spectral function, which yields the sum rule
1Z
0
d!1d!2e
 !1
t1
 !2
t2 OPE~Q (!1; !2) =
1Z
0
d!1d!2e
 !1
t1
 !2
t2 had~Q (!1; !2): (3.7)
In principle one can proceed by modelling the continuum cont~Q . The desired matrix element
of the operator ~Q between the mesonic ground state can then be disentangled by varying
the Borel parameters. However, the continuum contribution is exponentially suppressed in
the Borel sum rule and it is safe to simply \cut o" the sum rule by assuming that
cont~Q (!1; !2) = 
OPE
~Q
(!1; !2) [1  (!c   !1)(!c   !2)] ; (3.8)
which directly yields a nite-energy sum rule for the matrix elements
F 2()h ~Q()ie  t1  t2 =
!cZ
0
d!1d!2e
 !1
t1
 !2
t2 OPE~Q (!1; !2): (3.9)
Thus, the determination of the HQET Bag parameters requires the computation of the spec-
tral functions OPE~Q . The leading condensate corrections have been determined in [12, 13].
We compute the O(s) corrections to the perturbative contribution below.
3.2 Spectral functions at NLO
We determine the spectral functions by rst computing the correlator
Kpert~Q (!1; !2) = K
(0)
~Q
(!1; !2) +
s
4
K
(1)
~Q
(!1; !2) + : : : (3.10)
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Q˜ j+j−
q
q¯h(−)
h(+)
Figure 2. Leading order diagram for the three-point HQET correlator (3.1). The sum over the
two possible contractions of the operator ~Q is implied.
Figure 3. Diagrams contributing to the three-point HQET correlator (3.1) at NLO. Symmetric
diagrams are not shown.
and then taking its double discontinuity. At LO we have to evaluate the diagram in gure 2
which factorizes into two two-point functions. We obtain2
K
(0)
~Qi
(!1; !2) =

A ~Qi   i1
2
Nc

(0)(!1)
(0)(!2); (3.11)
where
(0)(!) =   4Nc
(4)2 
~2 ( 2!)2 2  (2  ) ( 2 + 2) (3.12)
is the LO result for the two-point correlator
(!) = i
Z
ddxeipx h0jT
h
~jy+(0)~j+(x)
i
j0i ; (3.13)
where ! = p  v and the use of ~2 = 2 exp(E)=(4) corresponds to the MS scheme.
The bare NLO correction K
(1);bare
~Q
is given by the diagrams shown in gure 3. At
this order we get corrections that do not factorize due to gluon exchange between the left
and right-hand side. These genuine three-loop contributions | given by the diagrams in
the second row of gure 3 | are the most computationally challenging. The Dirac traces
2As discussed below the sum rule reproduces the VSA at LO. Therefore the factors A ~Qi appear at
leading order in the expansion of the results in . However, the correlator is computed in d dimensions and
corrections can appear. We nd that this happens only for ~Q1 where the contraction of the two  matrices
inside the trace yields a d-dimensional factor.
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have been evaluated with both TRACER [42] and Package-X [43, 44]. We use the code
FIRE [48{50] to nd IBP relations [51] between the three-loop integrals and to reduce them
to a set of master integrals via the Laporta algorithm [52]. The relevant master integrals
have been computed analytically in [11, 53].
The renormalized NLO correlators are given by
K
(1)
~Qi
= K
(1);bare
~Qi
+
1
2
h
2~
(0)
~j
ij + ~
(0)
~Qi ~Qj

K
(0)
~Qj
+ ~
(0)
~Qi ~Ej
K
(0)
~Ej
i
; (3.14)
where ~
(0)
~j
=  3CF is the LO anomalous dimension of the currents ~j. The contributions
from the evanescent operators modify the double discontinuities of the correlators by a
nite amount and introduce a dependence of the correlator on the choice of basis of the
HQET evanescent operators. This dependence propagates to the HQET bag parameters
extracted in the sum rule and cancels with the HQET evanescent scheme dependence of the
matching coecients (2.10) in the matching equation (2.22) for the QCD Bag parameters.
The results for the bare correlators are available as an ancillary Mathematica le with
the arXiv version of this article. Here, we only show the compact results for the double
discontinuities of the correlators.
Methods to compute the double discontinuities of the correlators have been described
in [11, 54]. The results take the form
pert~Qi
(!1; !2) = A ~Qi(!1)(!2) +  ~Qi ; (3.15)
where
(!)  (! + i0) (!   i0)
2i
=
Nc!
2
22

1 +
sCF
4

17 +
42
3
+ 3 ln
2
4!2

+O(2s)

; (3.16)
is the discontinuity of the two-point correlator (3.13) up to two-loop order [55{57]. The
non-factorizable contributions are
 ~Qi 
!21!
2
2
4
s
4
r ~Qi(x; L!); (3.17)
where x = !2=!1, L! = ln(
2=(4!1!2)) and we obtain
r ~Q1(x; L!) = 8 
a2
2
  8
2
3
;
r ~Q2(x; L!) = 25 +
a1
2
  4
2
3
+ 6L! + (x);
r ~Q4(x; L!) = 16 
a3
4
  4
2
3
+ 3L! +
(x)
2
;
r ~Q5(x; L!) = 29 
a3
2
  8
2
3
+ 6L! + (x); (3.18)
where
(x) =
(
x2   8x+ 6 ln(x); x  1;
1
x2
  8x   6 ln(x); x > 1:
(3.19)
Taking a2 =  4 in accordance with [11] we reproduce their result for r ~Q1 up to a factor of
2 which is due to the dierent normalization of the HQET operators.
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3.3 Sum rule for the Bag parameters
Inserting the decomposition (3.15) into the sum rule (3.9) allows us to subtract the factor-
ized contribution using the sum rule [55{57] for the HQET decay constant
F 2()e 

t =
!cZ
0
d!e 
!
t (!) + : : : : (3.20)
The factorizable part of (3.15) exactly reproduces the VSA for the matrix elements. After
subtracting it, we obtain a sum rule for the deviation B ~Q = B ~Q   1 from the VSA. In
the traditional sum rule approach this gives
B ~Qi =
1
A ~QiF ()
4
!cZ
0
d!1d!2e
 !1
t1
+
 !2
t2  ~Qi(!1; !2) (3.21)
=
1
A ~Qi
!cR
0
d!1d!2e
 !1
t1
 !2
t2  ~Qi(!1; !2)
!cR
0
d!1e
 !1
t1 (!1)

!cR
0
d!2e
 !2
t2 (!2)
 : (3.22)
The stability of the sum rule (3.22) can then be assessed numerically by variation of the
cuto !c and the Borel parameters ti, see e.g. [54, 56].
In our analysis we follow a dierent approach that allows us to obtain analytic results
for the HQET Bag parameters. This exploits the fact that the dispersion relation (3.3) is
not violated by the introduction of an arbitrary weight function w(!1; !2) in the integration
as long as it is chosen such that no additional discontinuities appear in the complex plane.3
In the presence of such a weight function w the square of the sum rule (3.20) takes the form
F 4()e
  
t1
  
t2w(;) =
!cZ
0
d!1d!2e
 !1
t1
 !2
t2 w(!1; !2)(!1)(!2) + : : : : (3.23)
Since the condensate contributions have already been taken into account in [11{13] and are
in the subpercent range we only focus on the perturbative contribution to the sum rule.
By using (3.23) with the choice
w ~Qi(!1; !2) =
pert~Qi
(!1; !2)
pert (!1)
pert
 (!2)
=
4
N2c
s
4
r ~Qi(x; L!); (3.24)
we can remove the integration in (3.21) altogether and nd the simple result
Bpert~Qi
() =
4
N2cA ~Qi
s()
4
r ~Qi
 
1; log
2
4
2
!
: (3.25)
3The arbitrariness of the weight function is a mathematical statement which holds for the dispersion
relation. The sum rule (3.7) does however also assume quark-hadron duality and breaks down if pathological
weight functions are used, e.g. rapidly oscillating ones. In the following we only use slowly varying weight
functions with support on the complete integration domain.
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The sum rule is valid at a low scale   2!i  2 where the logarithms that appear
in the spectral functions are small. From there we have to evolve the results for the Bag
parameters up to the scale m  mb where the matching (2.22) to the QCD Bag parameters
can be performed without introducing large logarithms. From (2.15) and the running of
the HQET operators and decay constant
d~~Q
d ln
=  ~^ ~Q ~Q ~~Q;
dF ()
d ln
=  ~~jF (); (3.26)
we obtain the RG equations for the HQET Bag parameters
d ~B ~Q
d ln
=  

A^ 1~Q ~^ ~Q ~QA^ ~Q   2~~j

~B ~Q   ~^ ~B ~B ~Q; (3.27)
where A^ ~Q is the diagonal matrix with entries A ~Q given in (2.16). The LO solution to (3.27)
takes the form
~B ~Q() = U^
(0)
~B
(; 0) ~B ~Q(0); (3.28)
with the LO evolution matrix
U^
(0)
~B
(; 0) =

s()
s(0)
 ~^(0)~B
20
= V^

s()
s(0)
~~(0)~B
20
V^  1; (3.29)
where V^ is the transformation that diagonalizes the ADM ~^
(0)
~B
~^
(0);D
~B
= V^  1 ~^(0)~B V^ ; (3.30)
and the vector ~~
(0)
~B
contains the diagonal entries of ~^
(0);D
~B
. As part of our error analysis
we allow the matching scale m to dier from mb(mb) and then evolve the QCD Bag
parameters back to mb(mb). The LO evolution matrix has the same form as its HQET
counterpart (3.29) while the anomalous dimension matrix of the QCD Bag parameters is
given by
^B = A^
 1
Q ^QQA^Q: (3.31)
We only resum the leading logarithms because the NLO anomalous dimensions in HQET
are currently not known. This implies that dependence of the QCD matrix elements on
the basis of evanescent HQET operators does not fully cancel. As discussed below, we use
variation of the parameters ai to estimate the eects of NLL resummation. We expect this
eect to be small since the scales  and m are not very widely separated and ln(m=)
is of order one.
4 Results for B = 2 operators
We describe our analysis in section 4.1 and give the results for the Bag parameters, together
with a comparison with other works, in section 4.2. In section 4.3 the results for the mixing
observables with our Bag parameters are shown.
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4.1 Details of the analysis
We determine the HQET Bag parameters from the sum rule (3.25) with the central values
 = 1:5 GeV and  = 0:5 GeV. We use RunDec [58, 59] to evolve s(MZ) = 0:1181 [60]
down to the bottom-quark MS mass mb(mb) = 4:203 GeV [61, 62] with ve-loop accu-
racy [63{67]. From there we use two-loop running with four and ve avours in HQET
and QCD, respectively. The decoupling of the bottom quark is trivial at this accuracy.
The HQET Bag parameters are then evolved from the scale  up to the scale m =
mb(mb) using (3.28). There the matching (2.22) to the QCD Bag parameters is performed.
The factors CQi ~Qj ()=C
2() are expanded in s and truncated after the linear term. We
also expand the ratios A ~Qj=AQi strictly in =mb and mq=mb. Up to higher order perturba-
tive corrections, this is equivalent to the use of the VSA for the power-suppressed HQET
operators that arise in the QCD-HQET matching (2.4).
A small dependence on the choice of basis for the evanescent HQET operators remains
in the QCD Bag parameters because the RG evolution of the HQET Bag parameters is
only known at the LL level. We have checked that the ai-dependence fully cancels when
the scales  and m are identied and the matching (2.22) is strictly expanded in the
strong coupling, which serves as a strong cross-check of our calculation. For dierent scales
 and m the remaining ai-dependence can be removed by a future computation of the
NLO ADMs.
Finally, we convert the QCD Bag parameters BQ to the usual convention BQ dened
in (2.14). This is done by expanding the ratios of the prefactors AQ=AQ(mb(mb)) in s
and truncating them after the linear term.
To estimate the errors of the Bag parameters we take the following sources of uncer-
tainties into account:
 The uncertainty in the analytic form (3.25) of the sum rule is estimated through
variation of the residual mass  in the range [0.4,0.6] GeV. In addition we include an
intrinsic sum rule uncertainty of 0:02 in the HQET bag parameters. The numerical
value is determined from the comparison of the analytic values (3.25) with results
obtained from the traditional sum rule approach (3.22).
 The condensate contributions to B ~Q1 and B ~Q2 are taken from [12, 13] and are in
the subpercent range. For B ~Q4 and B ~Q5 , which have not been determined there, we
therefore add an error of 0:01 to the perturbative results.
 To assign an uncertainty from the unknown 2s contributions to the spectral densities
we vary the scale  in the range [1,2] GeV.
 As discussed above we implicitly include higher-order corrections in 1=mb in the
VSA approximation. The non-factorizable corrections of this kind are of the order
(s=)  (=mb)  0:01, which we take as an estimate for the error.
 Higher order perturbative contributions to the QCD-HQET matching relation and
the RG evolution of the Bag parameters are estimated through variation of m in
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the range [3,6] GeV and variation of the ai in the range [-10,10]. The QCD Bag pa-
rameters are then evolved to the central scale mb(mb) with LL accuracy as described
in section 3.3.
The variation of m by the usual factors of 1/2 and 2 would lead to a doubling of
the matching uncertainty estimates given below, which would signicantly exceed the
eect of the NLO matching at the central scale. We therefore use a less conserva-
tive range but cannot exclude larger matching eects at NNLO at present, while a
calculation is not available.
 The parametric uncertainty from s(MZ) is in the permille range and neglected.
The individual errors are then summed in quadrature. We also divide the uncertainties
into a sum rule uncertainty which contains the rst three items in the list above and a
matching uncertainty which contains the remaining three.
4.2 Results and comparison
From the sum rule we obtain the HQET Bag parameters
B ~Q1(1:5 GeV) = 0:910
+0:023
 0:031 = 0:910
+0:000
 0:000()
+0:020
 0:020(intr.)
+0:005
 0:005(cond.)
+0:011
 0:024();
B ~Q2(1:5 GeV) = 0:923
+0:029
 0:035 = 0:923
+0:016
 0:020()
+0:020
 0:020(intr.)
+0:004
 0:004(cond.)
+0:013
 0:020();
B ~Q4(1:5 GeV) = 1:009
+0:024
 0:023 = 1:009
+0:007
 0:006()
+0:020
 0:020(intr.)
+0:010
 0:010(cond.)
+0:003
 0:003();
B ~Q5(1:5 GeV) = 1:004
+0:030
 0:028 = 1:004
+0:020
 0:016()
+0:020
 0:020(intr.)
+0:010
 0:010(cond.)
+0:004
 0:006();
(4.1)
where we have set ai = 0 for i = 1; 2; 3 to specify a unique basis of evanescent HQET
operators. The individual uncertainties were determined as described above and added in
quadrature. The corrections to the VSA for scales in the range from 1{2 GeV are at the
level of 5{11 % for ~Q1;2 and 0{4 % for ~Q4;5. We nd that the total sum rule uncertainties
of the Bag parameters are quite small. This is because the sum rule (3.25) is formulated
for the deviation from the VSA and the substantial relative uncertainties of the sum rule
itself are small in comparison with the VSA contribution to the Bag parameters.
Following the steps outlined in section 4.1 we obtain the following results for the QCD
Bag parameters
BQ1(mb(mb)) = 0:868
+0:051
 0:050 = 0:868
+0:021
 0:029(sum rule)
+0:046
 0:041(matching);
BQ2(mb(mb)) = 0:842
+0:078
 0:073 = 0:842
+0:028
 0:033(sum rule)
+0:073
 0:065(matching);
BQ3(mb(mb)) = 0:818
+0:162
 0:159 = 0:818
+0:126
 0:132(sum rule)
+0:102
 0:087(matching);
BQ4(mb(mb)) = 1:049
+0:092
 0:084 = 1:049
+0:025
 0:025(sum rule)
+0:089
 0:080(matching);
BQ5(mb(mb)) = 1:073
+0:083
 0:075 = 1:073
+0:028
 0:026(sum rule)
+0:078
 0:070(matching): (4.2)
The evolution to the scale mb(mb)) and the matching to QCD increase the deviations
from the VSA to up to 18 %. With the exception of BQ3 the uncertainties of the Bag
parameters are dominated by the matching. A detailed list of the uncertainties can be
found in appendix B.
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Figure 4. Comparison of our results for the B = 2 Bag parameters at the scale mb(mb) to the
lattice values of HPQCD'07 [3], ETM'14 [4] and FNAL/MILC'16 [5], the FLAG averages [68] and
the sum rule result GKMP'16 [11].
In gure 4 we compare our results to other recent determinations from lattice simu-
lations [3{5, 68] and sum rules [11]. We nd excellent agreement for the Bag parameters
of the operators Q1, Q2 and Q3. The uncertainties of our sum rule analysis are similar to
those obtained on the lattice. We observe that the uncertainty of the Bag parameter BQ3
is signicantly larger than those of BQ1 and BQ2 . This is related to the small color factor
AQ3 = 1=3 +O(1=mb) which implies that the sum rule uncertainties get enhanced by the
factors A ~Q1=AQ3 = 8 +O(1=mb) and A ~Q2=AQ3 =  5 +O(1=mb) in the matching (2.22) of
the Bag parameters. The absolute sum rule uncertainty of the matrix element of Q3 is of
a similar size as that of the other operators.
The tiny dierence of the central value of BQ1 compared to the sum rule determi-
nation [11] is mostly due to dierent scale choices. Since BQ1 does not run at the LL
order, [11] sets all scales equal to the bottom-quark mass. We, however, evaluate the sum
rule at a lower scale   1:5 GeV where the strong coupling is larger and causes a bigger
deviation from the VSA.
Only two previous lattice results [4, 5] exist for the matrix elements of the operators
Q4 and Q5, and they dier at the level of more than two sigma. Our results are in
very good agreement with those of [5] and show an even higher level of tension with [4]
in BQ5 .
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4.3 Bs and Bd mixing observables
We consider the mass and decay rate dierences Ms = M
s
H  M sL and  s =  sL    sH ,
where M sH=L and  
s
H=L are the mass and width of the heavy (H) and light (L) physical
eigenstates of the Bs{ Bs system, as well as the semileptonic decay asymmetry
assl =
 ( Bs(t)! f)   (Bs(t)! f)
 ( Bs(t)! f) +  (Bs(t)! f)
; (4.3)
where f is a avor-specic nal state, i.e. Bs ! f and Bs ! f are forbidden (see [1] for a
recent review of Bs mixing). Using our values for the Bag parameters, we give predictions
for these observables and compare them to the current experimental averages given by the
HFLAV [69]. In our sum rule determination we have assumed the light quark q in the Bq
meson to be massless. The corrections to (3.25) from a non-zero strange-quark mass are of
the order (s=)(ms=(2))  0:02. This point has recently been discussed in more detail
in [70]. We add another uncertainty of 0:02 in quadrature to the results (4.2) to account
for the unknown corrections. The eect on the total uncertainty is small.
We nd excellent agreement between experiment and the SM prediction for the mass
dierence:
M exps = (17:757 0:021) ps 1;
MSMs = (18:1
+1:9
 1:8) ps
 1 = (18:1+1:3 1:2 (had.) 0:1 (scale)+1:4 1:3 (param.)) ps 1;
(4.4)
where we have used the input values given in appendix B. The 10% uncertainty of the SM
prediction is dominated by the hadronic and parametric CKM uncertainties which are of
the same size. We also give results for the mass dierence in the Bd system
M expd = (0:50650:0019)ps 1;
MSMd = (0:610:09)ps 1 = (0:610:04(had.)0:00(scale)0:08(param.))ps 1;
(4.5)
where the agreement is at the level of 1.1 sigma.
We determine the decay rate dierence and the semileptonic decay asymmetry in
the MS, PS [71], 1S [72] and kinetic [73] mass schemes with the mass values given in
appendix B. The MS charm-quark mass at the scale of the bottom-quark mass has been
used throughout. We obtain
 exps = (0:0900:005)ps 1;
 MSs = (0:080
+0:018
 0:023)ps
 1 = (0:0800:016(had.)+0:006 0:015 (scale)0:006(param.))ps 1;
 PSs = (0:079
+0:020
 0:026)ps
 1 = (0:0790:018(had.)+0:007 0:018 (scale)0:006(param.))ps 1;
 1Ss = (0:075
+0:021
 0:028)ps
 1 = (0:0750:019(had.)+0:008 0:020 (scale)0:006(param.))ps 1;
 kins = (0:076
+0:020
 0:027)ps
 1 = (0:0760:018(had.)+0:008 0:019 (scale)0:006(param.))ps 1;
(4.6)
and
as; expsl = ( 60 280)  10 5;
as;MSsl = (2:1 0:3)  10 5 = (2:1 0:1 (had.)+0:0 0:1 (scale)+0:2 0:3 (param.))  10 5;
as;PSsl = (2:0
+0:2
 0:3)  10 5 = (2:0 0:1 (had.)+0:0 0:1 (scale) 0:2 (param.))  10 5;
as; 1Ssl = (2:0
+0:2
 0:3)  10 5 = (2:0 0:0 (had.)+0:0 0:1 (scale) 0:2 (param.))  10 5;
as; kinsl = (2:0
+0:2
 0:3)  10 5 = (2:0 0:1 (had.)+0:0 0:1 (scale) 0:2 (param.))  10 5:
(4.7)
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The dierent mass schemes are in good agreement with each other and we adopt the PS
mass scheme as our central result. The SM value for the decay rate dierence is in good
agreement with the experimental average. The theory uncertainty is currently at the level of
30%. It is dominated by the matrix elements of the dimension seven operators, in particular
the VSA estimate BR2 = 1  0:5 contributes 0:016 ps 1 to the uncertainty. The second
largest contribution is the scale variation. A detailed overview is given in appendix B.
To achieve a signicant reduction of the combined uncertainties, a determination of the
dimension seven matrix elements and a NNLO calculation of the perturbative matching
are needed.
The experimental uncertainty for the semileptonic decay asymmetry is two orders of
magnitude larger than the SM prediction, which makes this a clear null test for the SM [74].
The decay rate dierence and the semileptonic decay asymmetry in the Bd system have
also not been measured yet. The current experimental averages and our predictions are
 expd = ( 1:36:6)10 3 ps 1;
 PSd = (2:7
+0:8
 0:9)10 3 ps 1 = (2:7+0:6 0:6 (had.)+0:2 0:6 (scale)+0:4 0:4 (param.))10 3 ps 1;
ad;expsl = ( 2117)10 4;
ad;PSsl = ( 4:00:5)10 4 = ( 4:00:1(had.)+0:2 0:1 (scale)0:5(param.))10 4:
(4.8)
The results obtained in dierent mass schemes are compatible and the relative uncertainties
of the predictions are of the same magnitude as in the Bs system.
5 B = 0 operators and ratios of B-meson lifetimes
The dominant contribution to lifetime dierences between the mesons Bq with q = u; d; s is
due to spectator eects which rst appear as dimension-six contributions in the HQE. The
NLO Wilson coecients have been computed in [75{77]. The dimension seven contributions
are known at LO [29, 78]. We dene the set of operators in section 5.1 and present the
results for their Bag parameters in section 5.2. The updated HQE results for the B-meson
lifetime ratios are given in section 5.3.
5.1 Operators and matrix elements
The following QCD operators enter at dimension six:
Qq1 =
b(1  5)q q(1  5)b; T q1 = b(1  5)TAq q(1  5)TAb;
Qq2 =
b(1  5)q q(1 + 5)b; T q2 = b(1  5)TAq q(1 + 5)TAb: (5.1)
On the HQET side they match onto
~Qq1 =
h(1  5)q q(1  5)h; ~T q1 = h(1  5)TAq q(1  5)TAh;
~Qq2 =
h(1  5)q q(1 + 5)h; ~T q2 = h(1  5)TAq q(1 + 5)TAh: (5.2)
Our basis of evanescent operators and the results of the matching computation can be
found in appendix A.2. We only consider the isospin-breaking combinations of operators
Qi = Q
u
i  Qdi ; Ti = T ui   T di ; (5.3)
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j− j
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q
Q˜
q′
h(−) h(−)
Figure 5. Leading order eye contraction.
and their analogues in HQET. This implies that the eye contractions displayed in gure 5
cancel in the limit of exact isospin symmetry.
The matrix elements are
hQi()i = Ai f2BM2B Bi(); hTi()i = Ai f2BM2B i(); (5.4)
where hQi = hB jQjB i, the coecients read
A1 = 1; A2 =
M2B
(mb +mq)2
; (5.5)
and Bi = 1; i = 0 corresponds to the VSA approximation. Similarly we obtain for the
HQET operators
h ~Qi()i= ~Ai F 2() ~Bi(); h~Ti()i= ~Ai F 2() ~i(); (5.6)
where
~A1 = 1; ~A2 = 1: (5.7)
5.2 Results for the spectral functions and bag parameters
For the B = 0 operators we use the same conventions for the decomposition of the three-
point correlator and the sum rule as for the B = 2 operators above. We obtain for the
double discontinuities of the non-factorizable contributions
r ~Qi(x; L!) = 0;
r ~T1(x; L!) =  8 +
a1
8
+
22
3
  3
2
L!   1
4
(x);
r ~T2(x; L!) =  
29
4
+
a2
8
+
22
3
  3
2
L!   1
4
(x): (5.8)
The leading condensate contributions have been determined in [14]. From their results we
deduce that
cond~Qi
(!1; !2) = 0 + : : : ;
cond~T1
(!1; !2) =
hgsqGqi
1282
[(!1) + (!2)] + : : : ;
cond~T2
(!1; !2) =   1
642
hDs

G2
E
+ hgsqGqi [(!1) + (!2)]
i
+ : : : ; (5.9)
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where the dots indicate factorizable contributions, s corrections and contributions from
condensates of dimension six and higher. To determine the condensate contributions to the
HQET parameters we have used the traditional form of the sum rule, because the appear-
ance of the -functions obviously prevents the application of a weight function analogous
to (3.24). We nd
 ~B condi (1:5 GeV) = 0:000 0:002;
~ cond1 (1:5 GeV) =  0:005 0:003;
~ cond2 (1:5 GeV) = +0:006 0:004: (5.10)
The associated errors were determined from an uncertainty of 0:002 for missing higher-
dimensional condensates, variations of the Borel parameters and the continuum cuto and
the uncertainty in the condensatesDs

G2
E
= (0:012 0:006) GeV4; hgsqGqi = ( 0:011 0:002) GeV5: (5.11)
We note that our results for the contributions of the condensate corrections to the deviation
of the Bag parameters from the VSA are much smaller than those of [14]. This is mostly
due to the choice of the Borel parameter. We use t  1 GeV where the sum rule is
stable against variations of the Borel parameter, while the Borel region of [14] translates
to t = (0:35  0:5) GeV where the sum rule becomes unstable as can be seen in their plots.
Our choice is also preferred by other modern sum rule analyses [12, 13, 80, 82].
Following analysis strategy for the perturbative contributions described for the B = 2
Bag parameters in section 4.1, we nd the HQET Bag parameters
~B1(1:5 GeV) = 1:000
+0:020
 0:020 = 1:000
+0:000
 0:000()
+0:020
 0:020(intr.)
+0:002
 0:002(cond.)
+0:000
 0:001();
~B2(1:5 GeV) = 1:000
+0:020
 0:020 = 1:000
+0:000
 0:000()
+0:020
 0:020(intr.)
+0:002
 0:002(cond.)
+0:000
 0:001();
~1(1:5 GeV) =  0:016 +0:021 0:022 =  0:016 +0:007 0:008() +0:020 0:020(intr.) +0:003 0:003(cond.) +0:003 0:003();
~2(1:5 GeV) = 0:004
+0:022
 0:022 = 0:004
+0:007
 0:008()
+0:020
 0:020(intr.)
+0:004
 0:004(cond.)
+0:002
 0:002():
(5.12)
where we have set a1 = a2 = 0. At the considered order there is no deviation from the VSA
for the Bag parameters of the color singlet operators, as can be seen in (5.8) and (5.9),
because the corresponding color factors vanish. The deviations for the color octet operators
are in the range 0{2 % for scales  between 1 and 2 GeV. In QCD we obtain
B1( = mb(mb)) = 1:028
+0:064
 0:056 = 1:028
+0:019
 0:019(sum rule)
+0:061
 0:053(matching);
B2( = mb(mb)) = 0:988
+0:087
 0:079 = 0:988
+0:020
 0:020(sum rule)
+0:085
 0:077(matching);
1( = mb(mb)) =  0:107 +0:028 0:029 =  0:107 +0:023 0:024(sum rule) +0:015 0:017(matching);
2( = mb(mb)) =  0:033 +0:021 0:021 =  0:033 +0:018 0:018(sum rule) +0:011 0:011(matching): (5.13)
The RG evolution and the perturbative matching cause larger deviations from the VSA
which, however, do not exceed 11%. In gure 6 we compare our results to previous ones
from sum rules [14, 15] and the lattice [22, 23]. The results of [14, 15, 22] were obtained
within HQET. For the comparison we match their results to QCD at tree level while
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Figure 6. Comparison of our results for the B = 0 Bag parameters at the scale mb(mb) to the
HQET sum rule results BLLS'98 [14] and CY'98 [15], and the lattice values of UKQCD'98 [22] and
Becirevic'01 [23].
expanding factors of ~Ai=AQ(mb(mb)) in 1=mb. As discussed in section 4.1 this eectively
includes 1=mb corrections in the VSA approximation.
The Bi are in good agreement, with the exception of the value for B2 from [23],
which diers from the other results and the VSA by a factor of about two. While the
other sum rule results for the i agree reasonably well with ours, the lattice results for
1 show signicantly smaller deviations from the VSA. The similarity between the sum
rule results [14, 15] and ours appears to be mostly coincidental. As discussed above, we
nd that the bulk of the deviation from the VSA in the i is due to the RG running and
matching, while the latter was not considered in [14, 15]. In their analyses, there is instead
a sizeable deviation at the hadronic scale, originating from the condensate contributions. In
comparison with [14] we nd that this is due to the choice of very small values of the Borel
parameter which lie outside of the stability region as discussed above. The assessment of
the origin of the smallness of the lattice results [22, 23] for the i is beyond the scope of
this work. Many of the approximations made in [22, 23], like quenching, have since been
reappraised and a comparison with a state-of-the art lattice simulation is required.
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5.3 Results for the lifetime ratios
Using our results (5.13) for the dimension-six Bag parameters and the VSA for the
dimension-seven Bag parameters dened in [29], i = 1 1=12, i = 0 1=6,
(B+)
(B0)

exp
= 1:076 0:004;
(B+)
(B0)

MS
= 1:078+0:021 0:023 = 1:078
+0:020
 0:019 (had.)
+0:002
 0:011 (scale) 0:006 (param.);
(B+)
(B0)

PS
= 1:082+0:022 0:026 = 1:082 0:021 (had.) +0:000 0:015 (scale) 0:006 (param.);
(B+)
(B0)

1S
= 1:082+0:023 0:028 = 1:082
+0:022
 0:021 (had.)
+0:001
 0:017 (scale)
+0:007
 0:006 (param.);
(B+)
(B0)

kin
= 1:081+0:022 0:027 = 1:081 0:021 (had.) +0:001 0:016 (scale) 0:006 (param.);
(5.14)
we nd excellent agreement with the experimental value and very good consistency between
dierent mass schemes. The biggest contributions to the total uncertainty are still from
the hadronic matrix elements, specically from 1 with 0:015 and 3 with 0:013. In the
future, they can be reduced with an independent determination of the dimension-six Bag
parameters and a sum-rule determination of the dimension-seven Bag parameters.
We also update the prediction for the lifetime ratio (B0s )=(B
0) in the MS scheme
using eq. (117) from [16]:
(B0s )
(B0)

exp
= 0:994 0:004;
(B0s )
(B0)

MS
= 0:9994 0:0025
= 0:9994 0:0014 (had.)  0:0006 (scale)  0:0020 (1=m4b);
(5.15)
where we have added an uncertainty estimate for the spectator eects at order 1=m4b which
have not been considered in [16]. With respect to last year [6], the dierence between
the theory prediction and the experimental value for (B0s )=(B
0) is reduced from 2:5
to 1:1.
6 Matrix elements for charm and the D+  D0 lifetime ratio
The HQET sum rule analysis can easily be adapted to the charm sector. It is common to
quote the matrix elements for the charm sector at the scale 3 GeV instead of the charm-
quark mass, see [30{32], and we adopt that convention for ease of comparison. Consequently
we also use 3 GeV as the central matching scale. In the error analysis it is varied between
2 and 4 GeV. To account for the lower value of charm-quark mass we assume that the
uncertainty due to power corrections is 0.03 instead of 0.01 for the bottom sector. Otherwise
we use the same analysis strategy as in the bottom sector which is outlined in section 4.1.
6.1 Matrix elements for D mixing
The latest lattice QCD study [32] for D mixing only gives results for the matrix elements
and not for the Bag parameters. We do the same here and obtain, using the value of the
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Figure 7. Comparison of our results for the C = 2 matrix elements at the scale 3 GeV to the
lattice values of ETM'14 [30], ETM'15 [31] and FNAL/MILC'17 [32]. The values for the matrix
elements of the ETM collaboration are extracted from gure 16 of [32].
D-meson decay constant from appendix B,
hQ1(3GeV)i=GeV4 = 0:265+0:024 0:021 = 0:265+0:006 0:010 (s.r.)+0:019 0:014 (matching)+0:013 0:012 (fD);
 hQ2(3GeV)i=GeV4 = 0:502+0:124 0:092 = 0:502+0:094 0:078 (s.r.)+0:076 0:044 (matching)+0:024 0:023 (fD);
hQ3(3GeV)i=GeV4 = 0:135+0:037 0:029 = 0:135+0:031 0:026 (s.r.)+0:019 0:010 (matching)+0:006 0:006 (fD);
hQ4(3GeV)i=GeV4 = 0:792+0:175 0:122 = 0:792+0:116 0:093 (s.r.)+0:125 0:070 (matching)+0:038 0:037 (fD);
hQ5(3GeV)i=GeV4 = 0:340+0:060 0:039 = 0:340+0:027 0:021 (s.r.)+0:051 0:029 (matching)+0:016 0:016 (fD): (6.1)
The relative uncertainties in the charm sector are consistently larger than those in the
bottom sector because of larger perturbative corrections due to a larger value of s at the
smaller scales and larger power corrections. This eect is most pronounced for Q2, Q4 and
Q5 where the relative uncertainty is larger by a factor of order two. In the matrix elements
we have an additional uncertainty from the value of the decay constant which is added
in quadrature.
We compare our results to those from the lattice in gure 7. There is a consistent
hierarchy with decreasing values from the results of the FNAL/MILC collaboration [32],
those of the ETM collaboration [30, 31] and ours. The only exception is the value of
hQ5i from [31] which lies below ours. If we use the lattice average [60] for the decay
constant f latticeD = (211:9 1:1) MeV in place of the experimental average f expD = (203:7
4:8) MeV [60], we nd very good agreement between our results and those of ETM and the
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remaining dierences with respect to the FNAL/MILC results are comfortably below two
sigmas. We prefer the experimental average of the decay constant since it is in signicantly
better agreement with recent sum rule results [79{82]. On the other hand, using the lattice
value yields a more meaningful comparison with the lattice results since the quantities we
determine with the sum rule are the Bag parameters and the decay constant cancels out
in the comparison if the same value is used on both sides. We therefore conclude that our
sum rule results for the non-factorizable contributions to the Bag parameters are in good
agreement with lattice simulations. An investigation of the dierences in the numerical
values of the decay constant is beyond the scope of this work.
6.2 Matrix elements for D lifetimes and  (D+)= (D0)
Our results for the C = 0 Bag parameters are
B1(3 GeV) = 0:902
+0:077
 0:051 = 0:902
+0:018
 0:018 (sum rule)
+0:075
 0:048 (matching);
B2(3 GeV) = 0:739
+0:124
 0:073 = 0:739
+0:015
 0:015 (sum rule)
+0:123
 0:072 (matching);
1(3 GeV) =  0:132 +0:041 0:046 =  0:132 +0:025 0:026 (sum rule) +0:033 0:038 (matching);
2(3 GeV) =  0:005 +0:032 0:032 =  0:005 +0:011 0:012 (sum rule) +0:030 0:030 (matching): (6.2)
While the uncertainties in B1;2 are similar to those in the B sector we nd that those in
1;2 are larger by about 50%. The latter ones are dominated by the non-factorizable power
correction and the intrinsic sum rule errors which are both based on somewhat ad-hoc
estimates. Thus, our values for the uncertainties of 1;2 should be taken with a grain of salt
and lattice results for the C = 0 Bag parameters could provide an important consistency
check. Alternatively, one could also improve the dominant error due to non-factorizable
1=mc corrections by performing the operator matching up to the order 1=mc and determine
the matrix elements of the subleading HQET operators using sum rules.
We update our result for the D-meson lifetime ratio from [29] using the dimension six
Bag parameters (6.2) and the VSA i = 11=12, i = 01=6 for the dimension-seven Bag
parameters. We have converted the MS value of the charm-quark mass to the PS mass
at f = 1 GeV and the 1S mass at four-loop accuracy using RunDec. The kinetic mass
at the scale 1 GeV is determined with two-loop accuracy using an unpublished version of
the QQbar Threshold code [83, 84]. The central value for the scales 1 and 0 is xed to
1:5 GeV for all mass schemes and varied between 1 and 3 GeV. We nd
(D+)
(D0)

exp
= 2:536 0:019;
(D+)
(D0)

MS
= 2:61+0:72 0:77 = 2:61
+0:70
 0:66 (had.)
+0:12
 0:38 (scale) 0:09 (param.);
(D+)
(D0)

PS
= 2:70+0:74 0:82 = 2:70
+0:72
 0:68 (had.)
+0:11
 0:45 (scale) 0:10 (param.); (6.3)
(D+)
(D0)

1S
= 2:56+0:81 0:99 = 2:56
+0:78
 0:74 (had.)
+0:22
 0:65 (scale) 0:10 (param.);
(D+)
(D0)

kin
= 2:53+0:72 0:76 = 2:53
+0:70
 0:66 (had.)
+0:13
 0:37 (scale) 0:10 (param.);
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which is in very good agreement. The various mass schemes are all consistent and we
again take the PS result as our preferred value. The dominant sources of uncertainties
are the Bag parameters 1 and 3 which both contribute 0:5 to the error budget of the
lifetime ratio. Both errors can be reduced in the future with a lattice determination of
the dimensions-six matrix elements and a sum-rule determination of the dimension-seven
Bag parameters, respectively. In the PS scheme, the radiative and power corrections are
of the order +27% and  34%, respectively, which indicates good convergence behaviour.
We therefore conclude that the HQE provides a good description of the lifetime ratio
(D+)=(D0).
7 Conclusions
We have determined the matrix elements of the dimension six F = 0; 2 operators for
the bottom and charm sector using HQET sum rules. Our ndings for the F = 2
matrix elements are in good agreement with recent lattice [3{5, 30{32] and sum rule [11]
results. Our F = 0 results are the rst state-of-the-art values for the matrix elements
required for B and D meson lifetime ratios. The uncertainties in our analyses for the
Bag parameters are similar to those of recent lattice determinations in the B sector and
somewhat larger in the D sector. This suggests that the uncertainty of the C = 0 matrix
elements could be reduced by a lattice simulation. In most cases, the dominant errors in
our approach stem from the matching of QCD to HQET operators, see appendix B. These
could be reduced substantially by performing the matching calculation at NNLO. Some
rst steps towards this goal have recently been taken in [70]. Consequently, in the future,
sum rules will continue to be competitive with lattice simulations in the determination of
four-quark operators.
Our predictions for the mixing observables and lifetime ratios in the B sector are in
good agreement with the experimental averages as summarized in gures 8 and 9. In
particular, the small tensions [5, 6] that follow from using the FNAL/MILC results [5] for
the matrix elements are not conrmed by our results. We note that the predictions based
on matrix elements from sum rules and from lattice simulations are compatible and lead to
overall uncertainties of the same size. Taking the naive average of the Bag parameters, the
relative uncertainties of the mass and decay rate dierence are, however, only reduced by
about 9% and 6%, respectively, because other sources of uncertainties, like e.g. the matrix
elements of dimension-seven operators, are dominant.
We nd that the experimental value for the lifetime ratio (D+)=(D0) can be repro-
duced within the HQE. This is a strong indication that the HQE does not break down in
the charm sector. However, due to sizeable hadronic uncertainties, we cannot exclude large
duality violations at the level of 20-30% yet. On the other hand, the D-mixing observables
are very sensitive to duality violations and might oer a handle on a better quantitative
understanding of these eects [25].
Our comprehensive study demonstrates that the HQET sum rules for hadronic four-
quark matrix elements provide a competitive alternative to lattice simulations. Due to
completely dierent systematics they facilitate powerful independent checks of lattice re-
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Figure 8. Comparison of our predictions for the mass and decay rate dierence in the Bs (left) and
Bd (right) system with the present experimental averages (error bars). We also show the results
obtained with the lattice results of [5] for f2BqBQi and the matrix element hR0i and the values given
in appendix B for the other input parameters. The PS mass scheme for the bottom quarks has
been used in both cases.
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Figure 9. Comparison of our predictions for the lifetime ratios of heavy mesons with the present
experimental averages.
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sults. Sum rules can also be applied to obtain the matrix elements of the subleading
dimension-seven operators, which have never been determined using lattice simulations.
This is crucial to achieve a substantial reduction of the current theoretical uncertainties.
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A Basis of evanescent operators and ADMs
A.1 B = 2 operators
Our choice of basis for the evanescent operators is given by
E1 = bi(1  5)qj bj(1  5)qi  Q1;
E2 = bi(1  5)qi bj(1  5)qj   (8  4)Q2   (8  8)Q3;
E3 = bi(1  5)qj bj(1  5)qi   (8  8)Q2   (8  4)Q3;
E4 = bi(1  5)qi bj(1  5)qj   (16  4)Q1;
E5 = bi(1  5)qj bj(1  5)qi   (16  4)(Q1 + E1);
E6 = bi(1  5)qi bj(1 + 5)qj + 2Q5;
E7 = bi(1  5)qj bj(1 + 5)qi + 2Q4;
E8 = bi(1  5)qi bj(1 + 5)qj   4Q4;
E9 = bi(1  5)qj bj(1 + 5)qi   4Q5; (A.1)
for QCD and
~E1 = h
f(+)
i (1  5)qj h( )gj (1  5)qi   ~Q1;
~E2 =
1
2
~Q1 + ~Q2 + h
f(+)
i (1  5)qj h( )gj (1  5)qi;
~E3 = h
f(+)
i (1  5)qi h( )gj (1  5)qj + (4 + a1) ~Q1;
~E4 = h
f(+)
i (1  5)qj h( )gj (1  5)qi + (4 + a1)( ~Q1 + ~E1);
~E5 = h
f(+)
i (1  5)qi h( )gj (1  5)qj   (16 + a2) ~Q1;
~E6 = h
f(+)
i (1  5)qj h( )gj (1  5)qi   (16 + a2)( ~Q1 + ~E1);
~E7 = h
f(+)
i (1  5)qi h( )gj (1 + 5)qj + 2 ~Q5;
~E8 = h
f(+)
i (1  5)qj h( )gj (1 + 5)qi + 2 ~Q4;
~E9 = h
f(+)
i (1  5)qi h( )gj (1 + 5)qj   (4 + a3) ~Q4;
~E10 = h
f(+)
i (1  5)qj h( )gj (1 + 5)qi   (4 + a3) ~Q5; (A.2)
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for HQET. It is straightforward to verify that the evanescent operators vanish in four
dimensions by using the Fierz identities
[(15)]ij [(15)]kl =  [(15)]il [(15)]kj ;
[15]ij [15]kl =
1
2
[15]il [15]kj+
1
8
[(15)]il [(15)]kj ;
[(15)]ij [(15)]kl = 2[15]il [15]kj ;
(A.3)
and the relation
 = g + g   g   i5: (A.4)
A useful strategy to simplify expressions with two Dirac matrices is to use projection
identities, e.g.
h()(1  5)q = h()=v(1  5)q; (A.5)
and then reduce the number of Dirac matrices with eq. (A.4).
In the decomposition (2.8) the LO QCD ADM is

(0)
QQ =
0BBBBBBB@
6(Nc 1)
Nc
0 0 0 0
0  2(3N
2
c 4Nc 1)
Nc
4Nc 8
Nc
0 0
0 4(Nc 2)(Nc+1)Nc
2(Nc+1)2
Nc
0 0
0 0 0  6(N2c 1)Nc 0
0 0 0  6 6Nc
1CCCCCCCA
; (A.6)

(0)
QE =
0BBBBB@
6 0 0   1Nc 1 0 0 0 0
0   1Nc 1 0 0 0 0 0 0
0 12
Nc
2   1Nc 0 0 0 0 0 0
0 0 0 0 0 0 0   1Nc 1
0 0 0 0 0 0 0 12
Nc
2   1Nc
1CCCCCA : (A.7)
In HQET we nd
~
(0)
~Q ~Q
=
0BBB@
3
Nc
  3Nc 0 0 0
1 + 1Nc  3Nc + 4 + 7Nc 0 0
0 0 6Nc   3Nc  3
0 0  3 6Nc   3Nc
1CCCA ; (A.8)
~
(0)
~Q ~E
=
0BBB@
0 0 0 0   14Nc 14 0 0 0 0
 1  4   14Nc 14 0 0 0 0 0 0
0 0 0 0 0 0 0 0   14Nc 14
0 0 0 0 0 0 0 0 14   14Nc
1CCCA : (A.9)
Our result (A.6) with Nc = 3 diers from the results of [85, 86] because we have
only used the replacements implied by the basis of evanescent operators (A.1) to simplify
products of Dirac matrices. We can reproduce their result by applying 4-dimensional Fierz
identities that relate Q1, Q2 and Q3. The upper left 2  2 submatrix of (A.8) agrees
with [34].
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A.2 B = 0 operators
We dene the basis of evanescent operators in QCD following [75]:
Eq1 =
b(1  5)q q(1  5)b  (4  8)Qq1;
Eq2 =
b(1  5)q q(1 + 5)b  (4  8)Qq2;
Eq3 =
b(1  5)TAq q(1  5)TAb  (4  8)T q1 ;
Eq4 =
b(1  5)TAq q(1 + 5)TAb  (4  8)T q2 : (A.10)
In HQET we again introduce parameters a1;2 to keep track of the scheme dependence
~Eq1 =
h(1  5)q q(1  5)h  (4 + a1) ~Qq1;
~Eq2 =
h(1  5)q q(1 + 5)h  (4 + a2) ~Qq2;
~Eq3 =
h(1  5)TAq q(1  5)TAh  (4 + a1) ~T q1 ;
~Eq4 =
h(1  5)TAq q(1 + 5)TAh  (4 + a2) ~T q2 : (A.11)
The isospin breaking combinations of the evanescent operators are dened in analogy
to (5.3). The LO ADM in QCD takes the form

(0)
QQ =
0BBB@
0 0 12 0
0 6Nc   6Nc 0 0
3  3
N2c
0   12Nc 0
0 0 0 6Nc
1CCCA ; (A.12)

(0)
QE =
0BBB@
0 0  2 0
0 0 0  2
1
2N2c
  12 0 2Nc   Nc2 0
0 1
2N2c
  12 0 2Nc   Nc2
1CCCA : (A.13)
The HQET result is given by
~
(0)
~Q ~Q
=
0BBB@
3
Nc
  3Nc 0 6 0
0 3Nc   3Nc 0 6
3
2   32N2c 0  
3
Nc
0
0 32   32N2c 0  
3
Nc
1CCCA ; (A.14)
~
(0)
~Q ~E
=
0BBB@
0 0  12 0
0 0 0  12
1
8N2c
  18 0 12Nc   Nc4 0
0 1
8N2c
  18 0 12Nc   Nc4
1CCCA : (A.15)
Our result (A.12) is in agreement with [87, 88] and (A.14) reproduces the result of [89].4
The results (A.13) and (A.15) are new. The matching coecients read
C
(0)
Qi ~Qj
= ij ; (A.16)
4Note that [89] contains a misprint that has been identied in [76].
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at LO and
C
(1)
Qi ~Qj
=
0BBB@
 4L   323 163  a14   3L   13  2
0 4L +
16
3  32  a24 + 3L   1
 a118   2L3   269  49  7a124 + 3L2 + 76  3
 13  a218 + 2L3   29  14  7a224   3L2   296
1CCCA ; (A.17)
at NLO where we have set Nc = 3 for brevity.
B Inputs and detailed overview of uncertainties
Parameter Value Source
mb(mb) (4:203
+0:016
 0:034) GeV [61, 62]
mPSb (2 GeV) (4:532
+0:013
 0:039) GeV [61, 62]
m1Sb (4:66
+0:04
 0:03) GeV [60]
mkinb (1 GeV) (4:553 0:020) GeV [90]
mc(mc) (1:279 0:013) GeV [91]
s(MZ) 0:1181 0:0011 [60]
Vus 0:2248 0:0006 [60]
Vub 0:00409 0:00039 [60]
Vcb 0:0405 0:0015 [60]
 (73:2+6:3 7:0)
 [60]
fB (189 4) MeV [60]5
fBs (227:2 3:4) MeV [60]
fD (203:7 4:8) MeV [60]6
Table 1. Input values for parameters.
B = 2  intrinsic SR condensates  1=mb m ai
BQ1
+0:001
 0:002 0:018 0:004 +0:011 0:022 0:010 +0:045 0:039 +0:007 0:007
BQ2
+0:014
 0:017 0:020 0:004 +0:012 0:019 0:010 +0:071 0:062 +0:015 0:015
BQ3
+0:060
 0:074 0:107 0:023 +0:016 0:008 0:010 +0:086 0:069 +0:053 0:052
BQ4
+0:007
 0:006 0:021 0:011 +0:003 0:003 0:010 +0:088 0:079 +0:005 0:006
BQ5
+0:019
 0:015 0:018 0:009 +0:004 0:006 0:010 +0:077 0:068 +0:012 0:012
Table 2. Individual errors for the Bag parameters of the B = 2 matrix elements.
5We take the mean of fB+ and fB0 .
6We use the `experimental' value instead of the lattice average, since the former is in signicantly better
agreement with sum rule results [79{82].
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B = 0  intrinsic SR condensates  1=mb m ai
B1
+0:003
 0:002 0:019 0:002 +0:002 0:002 0:010 +0:060 0:052 +0:002 0:003
B2
+0:001
 0:001 0:020 0:002 +0:000 0:001 0:010 +0:084 0:076 +0:001 0:002
1
+0:006
 0:007 0:022 0:003 +0:003 0:003 0:010 +0:010 0:012 +0:006 0:007
2
+0:005
 0:006 0:017 0:003 +0:002 0:001 0:010 +0:001 0:002 +0:003 0:004
Table 3. Individual errors for the Bag parameters of the B = 0 matrix elements.
C = 2  intrinsic SR condensates  1=mc m ai
BQ1
+0:001
 0:002 0:013 0:003 +0:009 0:021 0:030 +0:039 0:021 0:003
BQ2
+0:011
 0:014 0:015 0:003 +0:010 0:016 0:030 +0:092 0:050 0:012
BQ3
+0:037
 0:045 0:059 0:013 +0:016 0:016 0:030 +0:116 0:059 0:016
BQ4
+0:006
 0:005 0:017 0:009 +0:003 0:003 0:030 +0:131 0:071 0:004
BQ5
+0:014
 0:012 0:014 0:007 +0:004 0:005 0:030 +0:127 0:069 0:004
Table 4. Individual errors for the Bag parameters of the C = 2 matrix elements.
C = 0  intrinsic SR condensates  1=mc m ai
B1
+0:004
 0:003 0:017 0:002 +0:002 0:002 0:030 +0:068 0:037 +0:003 0:005
B2
+0:001
 0:000 0:015 0:001 +0:000 0:000 0:030 +0:120 0:065 +0:000 0:001
1
+0:007
 0:008 0:024 0:004 +0:003 0:004 0:030 +0:012 0:022 +0:006 0:008
2
+0:003
 0:004 0:011 0:002 +0:001 0:001 0:030 +0:000 0:000 +0:001 0:002
Table 5. Individual errors for the Bag parameters of the C = 0 matrix elements.
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MSMs [ps
 1]  PSs [ps 1] a
s;PS
sl [10
 5]
BQ1 1:1 0:005 0:01
BQ3 0:0 0:005 0:01
BR0 0:0 0:003 0:00
BR1 0:0 0:000 0:00
BR01 0:0 0:000 0:00
BR2 0:0 0:016 0:00
BR3 0:0 0:001 0:02
BR03 0:0 0:000 0:05
fBs 0:5 0:002 0:00
1 0:0 +0:007 0:018 +0:04 0:08
2 0:1 +0:000 0:002 0:01
mb 0:0 +0:000 0:001 0:01
mc 0:0 +0:000 0:001 0:06
s 0:0 0:000 0:04
CKM +1:4 1:3 0:006 +0:21 0:22
Table 6. Individual errors for the Bs mixing observables.
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MSMd [ps
 1]  PSd [10
 3 ps 1] ad;PSsl [10
 4]
BQ1
+0:04
 0:03 0:16 0:02
BQ3 0:00 +0:17 0:16 0:03
BR0 0:00 0:11 0:01
BR1 0:00 0:01 0:00
BR01 0:00 0:01 0:00
BR2 0:00 0:54 0:00
BR3 0:00 0:00 0:04
BR03 0:00 0:01 0:09
fB 0:03 0:11 0:00
1 0:00 +0:24 0:62 +0:17 0:07
2 0:00 +0:00 0:08 +0:01 0:03
mb 0:00 +0:01 0:03 +0:01 0:03
mc 0:00 +0:01 0:02 0:13
s 0:00 0:01 0:08
CKM 0:08 +0:38 0:37 +0:47 0:44
Table 7. Individual errors for the Bd mixing observables.
B1 B2 1 2 3 4 3 4
0:002 0:000 +0:016 0:015 0:004 0:001 0:000 0:013 0:000
fB 1 0 mb mc s CKM
+0:004
 0:003
+0:000
 0:013
+0:000
 0:006
+0:000
 0:001 0:000 0:002 0:006
Table 8. Individual errors for the ratio (B+)=(B0) in the PS mass scheme.
B1 B2 1 2 3 4 3 4
+0:07
 0:05 0:00 +0:52 0:47 0:017 0:05 0:00 0:46 0:00
fB 1 0 mc ms s CKM
0:08 +0:07 0:40 +0:08 0:21 0:08 0:00 +0:070:06 0:00
Table 9. Individual errors for the ratio (D+)=(D0) in the PS mass scheme.
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